Abstract: This paper is devoted to the statistical analysis of dependence between fault length (L) and displacement (D). The main purpose of this work is to study the scaling relations between fault length and displacement using a database that includes datasets of 21 faults with geometric data extracted from 3D seismic coherence cubes of the Norwegian Barents Sea. Multiple linear regression and Bayesian and Akaike information criterions are applied to obtain optimal regression parameters. Our dataset is unique since it includes segment lengths of individual faults, unlike the previously published datasets. Hence, we studied both the dependence of fault segment length and accumulated fault length on displacement. The latter relation (accumulated fault length versus displacement) shows a general agreement (positive correlation and power-law relation) with the previously published results that are mainly obtained from outcrop studies, although the slopes vary for different lithologies. The differences could be attributed to the unique characteristics of our dataset that includes data of all segment lengths of individual faults.
Introduction
Fault geometric attributes such as fault displacement (D) and length (L) and their relations have been previously studied through statistical analysis of data coming from different data sources such as geological field studies, mines, interpreted seismic data, satellite images, and cores [1] [2] [3] [4] [5] [6] [7] . There are limitations inherent in almost all measuring methods. These limitations affect the statistical distribution of such data [4, 6] . The main limitation with geological outcrops is accessibility. Outcrops are rarely fully three-dimensional and typically do not cover all scales of the fault population, but most of published data are still from outcrops [6, 8] . For fault length measured along the strike, it is almost impossible to measure the total length of the large faults because of the accessibility problem in the field. Hence, what is usually measured is part of the fault dimension parallel to its dip direction (fault height) on the accessible vertical sections. Displacement can be measured in the field, although it also varies along the fault strike and dip, making assessment of entire displacement fields of individual faults difficult as exposures are limited. In addition, a fault is usually segmented, which means that the length of each single segment and the variation in displacement along the segment should be honored and contribute to the total length of the fault and its accumulated displacement. However, these details can be studied for seismic-scale faults using fault obtained from high-quality seismic cubes [9, 10] .
A compilation of previously published fault geometric data for different faults and rock types can be found in [6] . They found that the relation between fault geometric attributes cannot be defined by a single linear or power-law fit, and as the size (scale) of the faults change during their life-time, these relations might change. In other words, the slope of the power-law fit can change moving from smaller faults to more mature and larger faults, which interact with neighboring faults resulting in overlapping and linked faults. Kolyukhin and Torabi [7] examined the same compiled data. Their statistical study verifies that the relation between fault geometric attributes can change depending on the fault size.
Similar results were obtained, for example, in [11] , where it was concluded that the relationship between fracture length and opening displacement cannot be described by a single scaling law. Further, Renshaw and Park [12] determined that there is a break in slope in the aperture-length scaling and showed the danger of applying universal scaling laws. A significant example of the evaluation of the scaling laws of fault size frequency distribution and the relation between fault length and displacement and their use for determination of total strain is presented in [13] .
In the current study, we consider normal faults from the Norwegian Barents Sea, which occur predominantly in siliciclastic rocks with some minor intervals of carbonate rocks. The fault geometric data are extracted from 21 3D seismic cubes located in different parts of the Barents Sea, as shown in Figure 1 and Table 1 . In order to increase fault detectability and make the data collection process more efficient and objective, the seismic cubes were converted to seismic coherence volumes. Seismic coherence is a seismic attribute, which quantifies the continuity of seismic reflectors in the vicinity of an analysis point [14] . Faults are better visualized on coherence attributes compared to standard seismic data. Fault traces are identified and picked from time slices in the coherence cubes, and displacement is measured from seismic lines oriented perpendicular to the fault traces. In the current study, we are able to extract the length of each fault segment of a single fault along its strike at different depths and measure fault displacements at several locations on each segment. Fault imaging using seismic attributes with the workflow we have used [9, 10] provides us with explicit images of faults. Extracting fault geometric data directly from such explicit images has less uncertainty compared to methods that incorporate interpretation of horizons and mapping horizon cutoffs since faults are directly extracted from seismic attributes with almost no interpretation [9] . The new fault geometric data extracted from seismic attribute volumes are used in the statistical analysis of L-D relation. For this analysis, we apply the Akaike information criterion (AIC) and the Bayesian information criterion (BIC), developed for a reasonable comparison of the statistical approximations with different numbers of model parameters [15] . This approach prevents the use of models with too many parameters. In [16] , this approach was applied to study the dependence of fracture width on fracture length. Statistical analysis of the relationships between the main geometric fault attributes using the BIC was performed in [7] . In this paper, we consider the dependences of segment length and accumulated fault length on segment displacement for the selected normal faults from the Barents Sea (Figures 3-5 ). The technique used in this work allows extracting these characteristics from seismic data. In turn, it allows obtaining the new data for examination. A rigorous statistical analysis was applied to find the optimal regressions.
The paper is structured as follows: Section 2 describes in detail the methodology of fault data extraction from seismic data and statistical analysis; in Section 3 we describe the numerical results, and finally, the last section presents our conclusion.
Methodology

Fault Data Extraction from Seismic Data
The fault data used in this study were extracted from 3D seismic cubes in the Norwegian Barents Sea. The locations of the seismic surveys are shown in Figure 1 . Coherence volumes were calculated from the seismic cubes using a structurally oriented semblance-based coherence algorithm (Figure 2 ), where coherence is computed along the local orientation of the seismic reflector [14, 17] . We have mostly selected single and isolated faults in each seismic cube, however in some cases, there are neighboring faults that approach or link to the studied faults.
We extracted fault length data by manually digitizing fault traces (segments) from time slices in the seismic coherence volumes (Figure 2a,b) . Each single fault contains many lateral segments at each depth, which are all captured within the 3D structure of the fault, extracted from seismic attributes (Figure 2b ). The segment lengths of each fault will be used in this study. In addition, accumulated length has been provided, which corresponds to the sum of the fault segment lengths at each depth (Figure 2b ). The vertical component of fault displacement was measured from seismic lines oriented perpendicular to the fault strike at several points along the digitized fault traces (Figure 2 ).
We have not observed the strike slip component of the faults. Displacement measurements in this study are data-driven and involve no interpretation. For detailed information on the fault extraction and datasets used in this study, the readers are referred to [18] . The displacement measurements have been considered as throw and not true displacement. The measured displacements in time slices are throw and they were converted to meters using interval velocities from nearby wells. Each individual (single) fault in our database has a dataset, which contains all the lateral segments at different depths and the measured displacement at different points on the fault segments (Figure 2b ). 
Statistical Analysis
We study the relation between fault geometric attributes in logarithmic scale using multiple linear regressions. In the general case it has the form [19] 
where {x i ,y i } are the logarithm of the corresponding measured values of fault displacement and length, b 0 is the y-intercept value, b j is the slope of the j-th regression segment, Φ j are k predictor variables, ε i is the residual of the i-th measurement point, and N is the number of measurements. Following [7, 16] , we assume that the relation between fault geometric attributes can be described by a piecewise-linear function. For example, in the case of two slopes, this function has the form
where I is a Heaviside indicator function and x * 1 is the change-point between the two segments. Equation (2) can be simply extended to include a greater number of slopes k. In this work, we restrict the number of slopes to k ≤ 2. The corresponding number of change-points {x * i } would be k − 1. In maximum likelihood estimation, the random residuals ε i are assumed independent and normally distributed with zero mean and standard deviation σ. Residuals normality was checked using a Jarque-Bera test [20] .
Equations (1) and (2) allow us to get the best b and γ for fixed changepoints. To determine the optimal number and positions of changepoints x* and to define the corresponding regression parameter b, we apply the Bayesian information criterion (BIC). The BIC was developed in [21] to compare models with different number of parameters. This technique is based on the maximisation of the log-likelihood function (LLF) with an additional penalty term depending on the number of model parameters. We employ the modified BIC described in [16] :
where q = 2k + 1 is the total number of regression parameters {b, x*, σ} and k is the number of slopes. Along with BIC, other methods of model selection are also developed [15] . In this work, we compare the results obtained using the BIC with the results obtained using the Akaike information criterion (AIC) AIC(y, x*) = LLF(y, x*) − q.
Note that in the considered case the results of the AIC and BIC can only be different in optimal k value.
For the same values of k, the AIC and BIC give the same regressions. The comparison of the AIC and BIC was performed, for example, in [22] . In general, their research has shown that in cases where these criteria give different results, it is preferable to use the BIC. Main et al. [16] favor the BIC when N > 46.
Results
In this paper, we present results from the statistical analysis of the relation between fault length and displacement for the database that includes datasets of 21 normal faults, which encompasses many fault segments as part of the same fault at each depth (Figure 2b) , and therefore we can investigate the effect of segmentation on the L-D relation. First, we consider the relationship between fault segment length and maximum displacement values (D) for all studied faults. We have also calculated the accumulated length (sum of the fault segment lengths at each depth) and studied its dependence on maximum displacement in order to compare our results with the previous data mainly from outcrop studies. In Table 1 we present the short description of considered data used to analyze the faults' geometric attributes.
The Dependence of Segment Length on Displacement
We first analyze the dependency of fault segment length on maximum displacement by using the multiple linear regression defined by Equation (1) . In Figure 3 we present the studied data and optimal statistical approximation for k = 1 which corresponds to the maximal BIC and AIC value. The optimal values of k obtained by applying the BIC and AIC analysis are presented in Table 2 .
To show the dependence on the depth, the data points are colored according to the normalized depth of the measurement point Z :
where Z is the true depth. This normalization is applied in order to see if the plotted data point represents a shallow (blue) or deeper (red) point on the fault. The linear regression approximation presented in Figure 3 is y = 0.95 x + 4.71. In addition, from Figure 3 we can see that there is no link between the regression coefficient b 1 and the depth Z.
Following this study (Figure 3) , we investigated the dependence ln L (ln D) separately for segments of each of the 21 faults for k = 1. The results for slopes b 1 and corresponding confidence intervals are presented in Table 1 . For most considered faults, our statistical analysis showed rather wide confidence intervals (comparable to the maximum likelihood estimation itself) of the slope b 1 . However, from Table 1 we can extract two sets of faults {4,6,17} and {7,8,9,20}. The confidence intervals for these two sets are wide, but strictly disjoint (b 1 < 1 and b 1 > 1). This means that the dependence of fault segment length on displacement could vary from fault to fault.
The Dependence of Accumulated Length on Displacement
The research presented in the previous section requires full information about the distribution of lengths of fault segments at each depth (Figure 2b ). In this sub-section, we study the relation between accumulated fault length and maximum displacement. The results of the BIC analysis show that optimal statistical approximation is achieved for k = 2, while the AIC shows that the optimal value of k equals 1 ( Table 2 ). The analyzed data extracted from seismic data for 21 studied faults and the preferred fit for k = 1 (one slop model) and k = 2 (solid lines) are illustrated in Figure 4 . Obtained regressions are y = 1.23(±0.13) x + 4.36(±0.43) (k = 1), We also compare the results of the present study with results of a similar study for datasets of normal faults in siliciclastic and non-siliciclastic rocks previously considered in [7] . In this work, we perform the same analysis for this data in the shorter displacement range 1 ≤ ln(D) ≤ 5, because this interval includes mainly large seismic faults. The regression parameters found for non-siliciclastic and siliciclastic rocks are y = 0.95(±0.2) x + 4.71(±0.68) (non − siliciclastic rocks),
y = 0.43(±0.08) x + 6.02(±0.27) (siliciclastic rocks).
The BIC indicates that in all considered cases the best statistical approximations are also linear regression with k = 1 (dashed and dash-dotted lines in Figure 4 ). It is necessary to note that despite a smaller interval of D values the statistical parameters of these curves are very close to the corresponding parameters found in [7] . On the other hand, for both considered lithologies, the line slopes differ from b 1 found in this study (solid line in Figure 4 ). This difference is more significant for siliciclastic rocks.
Finally, we study the dataset with only one value of maximum accumulated length and corresponding maximum displacement for each fault. These data could be more appropriate for comparison with previously published data. The maximal BIC value is achieved for k = 2, but the BIC value for k = 1 is rather close. The optimal value of k obtained by using AIC equals 1 again (Table 2) . Obtained regression function for k = 1, 2 are y = 1.33(±0.48) x + 3.96 (±1.53), (k = 1) (11)
The corresponding regression models are presented in Figure 5 . For these relationships, we obtain a good quality of statistical approximation. In this study, we have only 21 data points and a rather wide confidence interval. Nevertheless, the slope b 1 in Figure 5 is much greater than the one found for previously published data for siliciclastic rocks (0.43 ± 0.08).
The comparison of BIC and AIC values for k = 1, 2 is presented in Table 2 . 
Discussion
The fault segments were directly extracted from fault seismic attributes with almost no interpretation. The advantage of this approach is to derive fault geometric attributes from seismic data without the need for seismic interpretation. There are uncertainties related to seismic interpretation including using poor quality reflectors (usual for near fault locations) and interpolation and gridding challenges near fault plane locations. Poor reflector quality near faults is not an issue when we apply our method to image faults since we focus on discontinuity and not reflectors. Another advantage of this approach is the possibility to quickly generate a large amount of fault geometric data.
Using seismic attributes, we provide details of fault length and displacement in 3D [10] . This kind of data has not been previously studied in the datasets acquired mainly from outcrops. We have compared the results of this study with the previously published data for normal faults [10] . The accessibility of outcrop data is limited to 2D and 1D data from the field, in which the measurements are constrained by the size of the outcrop. This could explain the difference between the relations found in this study and the previous studies. When considering all the studied fault data (Figure 3) , a power-law fits well to the relation between fault segment length and maximum displacement, although for the individual faults the relation does not hold some of the statistical conditions ( Table 1) . The comparison between the previously published data and our data ( Figure 4 ) confirms a one slope power-law relation between fault length and maximum displacement in the range of the scale of the studied faults (seismic scale). Figure 5 includes the maximum accumulated length versus maximum displacement for the same depth. Hence, the number of data points for each fault has been reduced and only information from one part of the fault has been included. This scenario could be comparable with the part of a fault in outcrops with limited accessibility, although it does not give us the detailed structure of the fault in 3D. However, the power-law relation in Figures 3-5 indicates a mutual development of fault length and displacement for the seismic scale of faults.
For the statistical analysis of fault segment length dependence on maximum fault displacement, the optimal BIC approximation in logarithmic scale was achieved for one slope (k = 1). We have not observed any systematic influence of studied depth (indicated by the color) on the statistical dependence (Figure 3 ). For the dependence between accumulated fault length and maximum fault displacement, the maximal BIC values are achieved for k = 2 (Figures 4 and 5) . For all data analyzed in Figures 3-5 , the AIC shows that optimal k is equal to 1, which means that it is more suitable to use simpler linear regression (Table 2) . Following [13, 22] , we can estimate that it is preferable to apply the BIC for datasets with large values N (data presented in Figures 3 and 4) . For the dataset considered in Figure 5 , N = 21, hence we suggest the regression obtained for k = 1 because of rather close BIC values for k = 1 and k = 2. For the same k all regression parameters are the same for both the AIC and BIC.
The maximum likelihood estimation and Bayesian information criterion described by Equations (1) and (3) require the independence and normality of residuals ε i . In general, these conditions are fulfilled in the presented study. An exception is a common consideration of segments for all the faults presented in Figure 3 , where there is a problem with the residuals independence condition. This makes it difficult to use the BIC and standard estimation of confidence intervals, but the least-squares estimate of the value of b 1 remains correct [19] .
Conclusions
The following conclusions can be made from this study:
1.
Utilizing seismic coherence attributes, we are able to extract segment lengths of a single fault at different depths.
2.
All considered L-D relations are analyzed using the Bayesian information criterion and Akaike information criterion. In all considered cases, statistical analysis using the AIC shows that optimal statistical approximation in logarithmic scale is the simple linear regression (k = 1), whereas optimal statistical approximation for the dependence of accumulated length on displacement obtained using the BIC is achieved for k = 2. 3.
L-D relation for individual segment length versus maximum displacement significantly differs for different faults.
4.
When comparing our result with the analysis of previously published data, in general, they are in qualitative agreement. However, the slope value is greater for the new data. This difference could be related to including detailed measurements from each fault segment in the current datasets.
